
95-865 Unstructured Data Analytics

Slides by George H. Chen

Lecture 4: Co-occurrence analysis (cont’d), 
visualizing high-dimensional data with PCA



Administrivia

• Office hours have been posted (check Canvas)

• If you have a hard conflict with Quiz 1 or Quiz 2 exam times, please let 
me know (by email) no later than this Friday Oct 31 at 11:59pm

• After this Friday Oct 31 at 11:59pm, we won't accept requests for 
makeup exams unless it's due to a medical emergency



(Flashback) Pointwise Mutual Information (PMI)

• More positive value 
⇒  &  co-occur much more likely than if they were independent

<latexit sha1_base64="jduLY7mdGq2/sRfT2oR9LL9YFnw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHiBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGUT4zJ</latexit>

A
<latexit sha1_base64="xsQMPDCWSQlbKX++h9lTvAdhRa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHoBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGV04zK</latexit>

B

• More negative value  
⇒  &  co-occur much less likely than if they were independent

<latexit sha1_base64="jduLY7mdGq2/sRfT2oR9LL9YFnw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHiBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGUT4zJ</latexit>

A
<latexit sha1_base64="xsQMPDCWSQlbKX++h9lTvAdhRa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHoBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGV04zK</latexit>

B

• In practice: need to be careful with named entities that extremely rarely 
occur

• Sometimes people consider only pairs with positive PMI values to be 
interesting (called positive PMI or PPMI)

• If equal to 0 
⇒  &  are independent

<latexit sha1_base64="jduLY7mdGq2/sRfT2oR9LL9YFnw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHiBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGUT4zJ</latexit>

A
<latexit sha1_base64="xsQMPDCWSQlbKX++h9lTvAdhRa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHoBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGV04zK</latexit>

B

<latexit sha1_base64="V5s/iEHNZNgmcYG6sA1GrOjXidk=">AAACFnicbZDLSgMxFIYz9VbrrerSTbAILWiZkaJuhKobXQgj2At0SsmkmTY0cyE5I5ZhnsKNr+LGhSJuxZ1vY3pZaPVAyMf/n0NyfjcSXIFpfhmZufmFxaXscm5ldW19I7+5VVdhLCmr0VCEsukSxQQPWA04CNaMJCO+K1jDHVyM/MYdk4qHwS0MI9b2SS/gHqcEtNTJHzjA7iGxr6/S4tn+eQmfYkeEPceThCb2WEpHd8kuaurkC2bZHBf+C9YUCmhadif/6XRDGvssACqIUi3LjKCdEAmcCpbmnFixiNAB6bGWxoD4TLWT8Vop3tNKF3uh1CcAPFZ/TiTEV2rou7rTJ9BXs95I/M9rxeCdtBMeRDGwgE4e8mKBIcSjjHCXS0ZBDDUQKrn+K6Z9ohMBnWROh2DNrvwX6odl66hcuakUqtVpHFm0g3ZREVnoGFXRJbJRDVH0gJ7QC3o1Ho1n4814n7RmjOnMNvpVxsc3r7Cciw==</latexit>

SJA(A,B) = log
P (A,B)

P (A)P (B)

<latexit sha1_base64="V5s/iEHNZNgmcYG6sA1GrOjXidk=">AAACFnicbZDLSgMxFIYz9VbrrerSTbAILWiZkaJuhKobXQgj2At0SsmkmTY0cyE5I5ZhnsKNr+LGhSJuxZ1vY3pZaPVAyMf/n0NyfjcSXIFpfhmZufmFxaXscm5ldW19I7+5VVdhLCmr0VCEsukSxQQPWA04CNaMJCO+K1jDHVyM/MYdk4qHwS0MI9b2SS/gHqcEtNTJHzjA7iGxr6/S4tn+eQmfYkeEPceThCb2WEpHd8kuaurkC2bZHBf+C9YUCmhadif/6XRDGvssACqIUi3LjKCdEAmcCpbmnFixiNAB6bGWxoD4TLWT8Vop3tNKF3uh1CcAPFZ/TiTEV2rou7rTJ9BXs95I/M9rxeCdtBMeRDGwgE4e8mKBIcSjjHCXS0ZBDDUQKrn+K6Z9ohMBnWROh2DNrvwX6odl66hcuakUqtVpHFm0g3ZREVnoGFXRJbJRDVH0gJ7QC3o1Ho1n4814n7RmjOnMNvpVxsc3r7Cciw==</latexit>

SJA(A,B) = log
P (A,B)

P (A)P (B)



Co-occurrence Analysis

Back to the demo



Recap

To find specific person/company pairs that are interesting:

• Can rank using co-occurrence probability but doing so can sometimes 
be misleading

• Can alternatively rank using PMI

Log probabilities show up often in machine learning methods — 
we’ll see them later on in the course!

• Other score functions exist, such as Jaccard index:
<latexit sha1_base64="CyNLfpZZDBd6DwNe3B9RevglXFI=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvQopYZ8bVwUevG5Qj2AW0pmTTThmYeJBmhDP0AN/6KGxeKuPUD3Pk3ZtpZaOuBkMM555Lc44ScSWWa30ZmYXFpeSW7mltb39jcym/v1GUQCUJrJOCBaDpYUs58WlNMcdoMBcWew2nDGd4kfuOBCskC/16NQtrxcN9nLiNYaambL7RdgUlsF6+PqqVxcpfQIbKL1RI6RqmqU2bZnADNEyslBUhhd/Nf7V5AIo/6inAsZcsyQ9WJsVCMcDrOtSNJQ0yGuE9bmvrYo7ITT5YZowOt9JAbCH18hSbq74kYe1KOPEcnPawGctZLxP+8VqTcy07M/DBS1CfTh9yIIxWgpBnUY4ISxUeaYCKY/isiA6zbUbq/nC7Bml15ntRPytZ5+ezutFC5SuvIwh7sQxEsuIAK3IINNSDwCM/wCm/Gk/FivBsf02jGSGd24Q+Mzx8gu5cy</latexit>

P (A,B)

P (A) + P (B)� P (A,B)



Important: Defining Probability Models
Previously, we used the following definitions:

( randomly chosen doc mentions both  &  )
<latexit sha1_base64="PscFVvCcYfquLCytWTqq7r8i/tM=">AAAB6HicbVC7SgNBFL0bXzG+opY2g0GwCrviq7AI2FgmYB6QLDI7uZuMmZ1dZmaFsOQLbCwUsfWT7PwbJ8kWmnhg4HDOucy9J0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gdDv120+oNI/lvRkn6Ed0IHnIGTVWatQfyhW36s5AlomXkwrksPmvXj9maYTSMEG17npuYvyMKsOZwEmpl2pMKBvRAXYtlTRC7WezRSfkxCp9EsbKPmnITP09kdFI63EU2GREzVAvelPxP6+bmvDaz7hMUoOSzT8KU0FMTKZXkz5XyIwYW0KZ4nZXwoZUUWZsNyVbgrd48jJpnVW9y+pF47xSu8nrKMIRHMMpeHAFNbiDOjSBAcIzvMKb8+i8OO/OxzxacPKZQ/gD5/MHqwuM2A==</latexit>

P
<latexit sha1_base64="jduLY7mdGq2/sRfT2oR9LL9YFnw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHiBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGUT4zJ</latexit>

A
<latexit sha1_base64="xsQMPDCWSQlbKX++h9lTvAdhRa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHoBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGV04zK</latexit>

B

( randomly chosen doc mentions  )
<latexit sha1_base64="PscFVvCcYfquLCytWTqq7r8i/tM=">AAAB6HicbVC7SgNBFL0bXzG+opY2g0GwCrviq7AI2FgmYB6QLDI7uZuMmZ1dZmaFsOQLbCwUsfWT7PwbJ8kWmnhg4HDOucy9J0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gdDv120+oNI/lvRkn6Ed0IHnIGTVWatQfyhW36s5AlomXkwrksPmvXj9maYTSMEG17npuYvyMKsOZwEmpl2pMKBvRAXYtlTRC7WezRSfkxCp9EsbKPmnITP09kdFI63EU2GREzVAvelPxP6+bmvDaz7hMUoOSzT8KU0FMTKZXkz5XyIwYW0KZ4nZXwoZUUWZsNyVbgrd48jJpnVW9y+pF47xSu8nrKMIRHMMpeHAFNbiDOjSBAcIzvMKb8+i8OO/OxzxacPKZQ/gD5/MHqwuM2A==</latexit>

P
<latexit sha1_base64="jduLY7mdGq2/sRfT2oR9LL9YFnw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHiBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGUT4zJ</latexit>

A

<latexit sha1_base64="rFjXeTd7HKlxdfnJpVuHd9/fIK8=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiSNgVXweFqBePEcwDkiXMTmaTITOzy8ysEJZ8hBcPinj1e7z5N06SPWhiQUNR1U13VxBzpo3rfjsLi0vLK6u5tfz6xubWdmFnt66jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLgb+40nqjSL5KMZxtQXuCdZyAg2VmpUSzfHt0fXnULRLbsToHniZaQIGaqdwle7G5FEUGkIx1q3PDc2foqVYYTTUb6daBpjMsA92rJUYkG1n07OHaFDq3RRGClb0qCJ+nsixULroQhsp8Cmr2e9sfif10pMeOmnTMaJoZJMF4UJRyZC499RlylKDB9agoli9lZE+lhhYmxCeRuCN/vyPKmflL3z8tnDabFylcWRg304gBJ4cAEVuIcq1IDAAJ7hFd6c2Hlx3p2PaeuCk83swR84nz9t/45R</latexit>

P (A,B) =
<latexit sha1_base64="NcI+vKefn2bpr+6wuLyH7AXA0Xw=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBHqpeyKXweFihePFdy20C4lm2bb0Gx2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvCARXBvH+UZLyyura+uFjeLm1vbObmlvv6HjVFHm0VjEqhUQzQSXzDPcCNZKFCNRIFgzGN5N/OYTU5rH8tGMEuZHpC95yCkxVvLqlduTm26p7FSdKfAicXNShhz1bumr04tpGjFpqCBat10nMX5GlOFUsHGxk2qWEDokfda2VJKIaT+bHjvGx1bp4TBWtqTBU/X3REYirUdRYDsjYgZ63puI/3nt1IRXfsZlkhom6WxRmApsYjz5HPe4YtSIkSWEKm5vxXRAFKHG5lO0IbjzLy+SxmnVvaieP5yVa9d5HAU4hCOogAuXUIN7qIMHFDg8wyu8IYle0Dv6mLUuoXzmAP4Aff4AeuSNzw==</latexit>

P (A) =

These could be defined differently, and what the “best” definition is 
depends on the problem you are addressing… For example:

Even more complicated:

( randomly chosen sentence mentions both  &  )
<latexit sha1_base64="PscFVvCcYfquLCytWTqq7r8i/tM=">AAAB6HicbVC7SgNBFL0bXzG+opY2g0GwCrviq7AI2FgmYB6QLDI7uZuMmZ1dZmaFsOQLbCwUsfWT7PwbJ8kWmnhg4HDOucy9J0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gdDv120+oNI/lvRkn6Ed0IHnIGTVWatQfyhW36s5AlomXkwrksPmvXj9maYTSMEG17npuYvyMKsOZwEmpl2pMKBvRAXYtlTRC7WezRSfkxCp9EsbKPmnITP09kdFI63EU2GREzVAvelPxP6+bmvDaz7hMUoOSzT8KU0FMTKZXkz5XyIwYW0KZ4nZXwoZUUWZsNyVbgrd48jJpnVW9y+pF47xSu8nrKMIRHMMpeHAFNbiDOjSBAcIzvMKb8+i8OO/OxzxacPKZQ/gD5/MHqwuM2A==</latexit>

P
<latexit sha1_base64="jduLY7mdGq2/sRfT2oR9LL9YFnw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHiBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGUT4zJ</latexit>

A
<latexit sha1_base64="xsQMPDCWSQlbKX++h9lTvAdhRa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHoBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGV04zK</latexit>

B

( randomly chosen sentence mentions  )
<latexit sha1_base64="PscFVvCcYfquLCytWTqq7r8i/tM=">AAAB6HicbVC7SgNBFL0bXzG+opY2g0GwCrviq7AI2FgmYB6QLDI7uZuMmZ1dZmaFsOQLbCwUsfWT7PwbJ8kWmnhg4HDOucy9J0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gdDv120+oNI/lvRkn6Ed0IHnIGTVWatQfyhW36s5AlomXkwrksPmvXj9maYTSMEG17npuYvyMKsOZwEmpl2pMKBvRAXYtlTRC7WezRSfkxCp9EsbKPmnITP09kdFI63EU2GREzVAvelPxP6+bmvDaz7hMUoOSzT8KU0FMTKZXkz5XyIwYW0KZ4nZXwoZUUWZsNyVbgrd48jJpnVW9y+pF47xSu8nrKMIRHMMpeHAFNbiDOjSBAcIzvMKb8+i8OO/OxzxacPKZQ/gD5/MHqwuM2A==</latexit>

P
<latexit sha1_base64="jduLY7mdGq2/sRfT2oR9LL9YFnw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHiBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGUT4zJ</latexit>

A

<latexit sha1_base64="rFjXeTd7HKlxdfnJpVuHd9/fIK8=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiSNgVXweFqBePEcwDkiXMTmaTITOzy8ysEJZ8hBcPinj1e7z5N06SPWhiQUNR1U13VxBzpo3rfjsLi0vLK6u5tfz6xubWdmFnt66jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLgb+40nqjSL5KMZxtQXuCdZyAg2VmpUSzfHt0fXnULRLbsToHniZaQIGaqdwle7G5FEUGkIx1q3PDc2foqVYYTTUb6daBpjMsA92rJUYkG1n07OHaFDq3RRGClb0qCJ+nsixULroQhsp8Cmr2e9sfif10pMeOmnTMaJoZJMF4UJRyZC499RlylKDB9agoli9lZE+lhhYmxCeRuCN/vyPKmflL3z8tnDabFylcWRg304gBJ4cAEVuIcq1IDAAJ7hFd6c2Hlx3p2PaeuCk83swR84nz9t/45R</latexit>

P (A,B) =
<latexit sha1_base64="NcI+vKefn2bpr+6wuLyH7AXA0Xw=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBHqpeyKXweFihePFdy20C4lm2bb0Gx2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvCARXBvH+UZLyyura+uFjeLm1vbObmlvv6HjVFHm0VjEqhUQzQSXzDPcCNZKFCNRIFgzGN5N/OYTU5rH8tGMEuZHpC95yCkxVvLqlduTm26p7FSdKfAicXNShhz1bumr04tpGjFpqCBat10nMX5GlOFUsHGxk2qWEDokfda2VJKIaT+bHjvGx1bp4TBWtqTBU/X3REYirUdRYDsjYgZ63puI/3nt1IRXfsZlkhom6WxRmApsYjz5HPe4YtSIkSWEKm5vxXRAFKHG5lO0IbjzLy+SxmnVvaieP5yVa9d5HAU4hCOogAuXUIN7qIMHFDg8wyu8IYle0Dv6mLUuoXzmAP4Aff4AeuSNzw==</latexit>

P (A) =

( randomly chosen sentence mentions both  &  
     within  words from each other )

<latexit sha1_base64="PscFVvCcYfquLCytWTqq7r8i/tM=">AAAB6HicbVC7SgNBFL0bXzG+opY2g0GwCrviq7AI2FgmYB6QLDI7uZuMmZ1dZmaFsOQLbCwUsfWT7PwbJ8kWmnhg4HDOucy9J0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gdDv120+oNI/lvRkn6Ed0IHnIGTVWatQfyhW36s5AlomXkwrksPmvXj9maYTSMEG17npuYvyMKsOZwEmpl2pMKBvRAXYtlTRC7WezRSfkxCp9EsbKPmnITP09kdFI63EU2GREzVAvelPxP6+bmvDaz7hMUoOSzT8KU0FMTKZXkz5XyIwYW0KZ4nZXwoZUUWZsNyVbgrd48jJpnVW9y+pF47xSu8nrKMIRHMMpeHAFNbiDOjSBAcIzvMKb8+i8OO/OxzxacPKZQ/gD5/MHqwuM2A==</latexit>

P
<latexit sha1_base64="jduLY7mdGq2/sRfT2oR9LL9YFnw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHiBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGUT4zJ</latexit>

A
<latexit sha1_base64="xsQMPDCWSQlbKX++h9lTvAdhRa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHoBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGV04zK</latexit>

B
<latexit sha1_base64="RA0BTD958xwP8U994nKi9frKIWM=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdfAQ8OIxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDf1W0+oNI/lgxkn6Ed0IHnIGTVWqo96pbJbcWcgy8TLSRly1Hqlr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0Mn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwxs+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuiDcFbfHmZNM8r3lXlsn5Rrt7mcRTgGE7gDDy4hircQw0awADhGV7hzXl0Xpx352PeuuLkM0fwB87nD9P3jPM=</latexit>

k

<latexit sha1_base64="rFjXeTd7HKlxdfnJpVuHd9/fIK8=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiSNgVXweFqBePEcwDkiXMTmaTITOzy8ysEJZ8hBcPinj1e7z5N06SPWhiQUNR1U13VxBzpo3rfjsLi0vLK6u5tfz6xubWdmFnt66jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLgb+40nqjSL5KMZxtQXuCdZyAg2VmpUSzfHt0fXnULRLbsToHniZaQIGaqdwle7G5FEUGkIx1q3PDc2foqVYYTTUb6daBpjMsA92rJUYkG1n07OHaFDq3RRGClb0qCJ+nsixULroQhsp8Cmr2e9sfif10pMeOmnTMaJoZJMF4UJRyZC499RlylKDB9agoli9lZE+lhhYmxCeRuCN/vyPKmflL3z8tnDabFylcWRg304gBJ4cAEVuIcq1IDAAJ7hFd6c2Hlx3p2PaeuCk83swR84nz9t/45R</latexit>

P (A,B) =



Major Running Theme of the Course: 
“Design Choices”

“Design choices”:

• Should we convert all words to lower-case?

• Should we lemmatize?

• Should we remove stop words?

• Should we use a unigram model or an n-gram model for n > 1?

• How should we define our probability model?

• …

Not sure about what to use? Try multiple options and see whether 
conclusions drawn from the analysis changes!

• It’s good for you to figure out which design choices lead to significant 
changes and which do not

• Keep in mind: often when working with a company/organization, there 
will typically not be a person to tell you what the “correct” way is to 
choose all the design choices — you have to decide on these!



Co-occurrence Analysis Applications

• If you're an online store/retailer: 
anticipate when certain products are likely to be purchased/
rented/consumed more

• Products & locations

• Products & dates

• If you have a bunch of physical stores: 
anticipate where certain products are likely to be purchased/
rented/consumed more

• If you're the police department: 
create "heat map" of where different criminal activity occurs

• Types of crime & locations



Co-occurrence Analysis Applications

• If you're an online store/retailer: 
anticipate when certain products are likely to be purchased/
rented/consumed more

• Products & locations

• Products & dates

• If you have a bunch of physical stores: 
anticipate where certain products are likely to be purchased/
rented/consumed more

• If you're the police department: 
create "heat map" of where different criminal activity occurs

• Types of crime & locations

Examples of data to take advantage of: 
• data collected by your organization 
• social networks 
• news websites 
• blogs

Web scraping frameworks can be helpful: 
• Scrapy 
• Selenium (great with JavaScript-heavy pages)



Co-occurrences at the Character Level

Given a character, what is the distribution of the character that is next?

# seq. of 2 consecutive characters equal to  followed by 
<latexit sha1_base64="jduLY7mdGq2/sRfT2oR9LL9YFnw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHiBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGUT4zJ</latexit>

A
<latexit sha1_base64="xsQMPDCWSQlbKX++h9lTvAdhRa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHoBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGV04zK</latexit>

B

# seq. of 2 consecutive characters starting with  
<latexit sha1_base64="jduLY7mdGq2/sRfT2oR9LL9YFnw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHiBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGUT4zJ</latexit>

A

<latexit sha1_base64="gnd4MN762S+Cnn/gH8VzdZWml6w=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4NCwIvHBMwDkiXMTjrJmNnZZWZWCEu+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDf1m0+oNI/kgxnH6Id0IHmfM2qsVLvtFktu2Z2BLBMvIyXIUO0Wvzq9iCUhSsME1brtubHxU6oMZwInhU6iMaZsRAfYtlTSELWfzg6dkBOr9Eg/UrakITP190RKQ63HYWA7Q2qGetGbiv957cT0r/2UyzgxKNl8UT8RxERk+jXpcYXMiLEllClubyVsSBVlxmZTsCF4iy8vk8ZZ2bssX9TOS5WbLI48HMExnIIHV1CBe6hCHRggPMMrvDmPzovz7nzMW3NONnMIf+B8/gCOP4zF</latexit>=

( randomly chosen sequence of 2 
     consecutive characters is  followed by  )

<latexit sha1_base64="PscFVvCcYfquLCytWTqq7r8i/tM=">AAAB6HicbVC7SgNBFL0bXzG+opY2g0GwCrviq7AI2FgmYB6QLDI7uZuMmZ1dZmaFsOQLbCwUsfWT7PwbJ8kWmnhg4HDOucy9J0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gdDv120+oNI/lvRkn6Ed0IHnIGTVWatQfyhW36s5AlomXkwrksPmvXj9maYTSMEG17npuYvyMKsOZwEmpl2pMKBvRAXYtlTRC7WezRSfkxCp9EsbKPmnITP09kdFI63EU2GREzVAvelPxP6+bmvDaz7hMUoOSzT8KU0FMTKZXkz5XyIwYW0KZ4nZXwoZUUWZsNyVbgrd48jJpnVW9y+pF47xSu8nrKMIRHMMpeHAFNbiDOjSBAcIzvMKb8+i8OO/OxzxacPKZQ/gD5/MHqwuM2A==</latexit>

P
<latexit sha1_base64="jduLY7mdGq2/sRfT2oR9LL9YFnw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHiBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGUT4zJ</latexit>

A
<latexit sha1_base64="xsQMPDCWSQlbKX++h9lTvAdhRa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHoBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGV04zK</latexit>

B

( randomly chosen sequence of 2 
     consecutive characters starts with  )

<latexit sha1_base64="PscFVvCcYfquLCytWTqq7r8i/tM=">AAAB6HicbVC7SgNBFL0bXzG+opY2g0GwCrviq7AI2FgmYB6QLDI7uZuMmZ1dZmaFsOQLbCwUsfWT7PwbJ8kWmnhg4HDOucy9J0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gdDv120+oNI/lvRkn6Ed0IHnIGTVWatQfyhW36s5AlomXkwrksPmvXj9maYTSMEG17npuYvyMKsOZwEmpl2pMKBvRAXYtlTRC7WezRSfkxCp9EsbKPmnITP09kdFI63EU2GREzVAvelPxP6+bmvDaz7hMUoOSzT8KU0FMTKZXkz5XyIwYW0KZ4nZXwoZUUWZsNyVbgrd48jJpnVW9y+pF47xSu8nrKMIRHMMpeHAFNbiDOjSBAcIzvMKb8+i8OO/OxzxacPKZQ/gD5/MHqwuM2A==</latexit>

P
<latexit sha1_base64="jduLY7mdGq2/sRfT2oR9LL9YFnw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHiBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGUT4zJ</latexit>

A

<latexit sha1_base64="rFjXeTd7HKlxdfnJpVuHd9/fIK8=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiSNgVXweFqBePEcwDkiXMTmaTITOzy8ysEJZ8hBcPinj1e7z5N06SPWhiQUNR1U13VxBzpo3rfjsLi0vLK6u5tfz6xubWdmFnt66jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLgb+40nqjSL5KMZxtQXuCdZyAg2VmpUSzfHt0fXnULRLbsToHniZaQIGaqdwle7G5FEUGkIx1q3PDc2foqVYYTTUb6daBpjMsA92rJUYkG1n07OHaFDq3RRGClb0qCJ+nsixULroQhsp8Cmr2e9sfif10pMeOmnTMaJoZJMF4UJRyZC499RlylKDB9agoli9lZE+lhhYmxCeRuCN/vyPKmflL3z8tnDabFylcWRg304gBJ4cAEVuIcq1IDAAJ7hFd6c2Hlx3p2PaeuCk83swR84nz9t/45R</latexit>

P (A,B) =

<latexit sha1_base64="NcI+vKefn2bpr+6wuLyH7AXA0Xw=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBHqpeyKXweFihePFdy20C4lm2bb0Gx2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvCARXBvH+UZLyyura+uFjeLm1vbObmlvv6HjVFHm0VjEqhUQzQSXzDPcCNZKFCNRIFgzGN5N/OYTU5rH8tGMEuZHpC95yCkxVvLqlduTm26p7FSdKfAicXNShhz1bumr04tpGjFpqCBat10nMX5GlOFUsHGxk2qWEDokfda2VJKIaT+bHjvGx1bp4TBWtqTBU/X3REYirUdRYDsjYgZ63puI/3nt1IRXfsZlkhom6WxRmApsYjz5HPe4YtSIkSWEKm5vxXRAFKHG5lO0IbjzLy+SxmnVvaieP5yVa9d5HAU4hCOogAuXUIN7qIMHFDg8wyu8IYle0Dv6mLUuoXzmAP4Aff4AeuSNzw==</latexit>

P (A) =

<latexit sha1_base64="SYK8zVLTm5yJNawZjEwO8/WCYs0=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahBSmJ+FootHXjMoJ9QBvKZDpph04ezEyEErNx46+4caGIW//BnX/jpM1CWw9c7uGce5m5xwkZFdIwvrXcwuLS8kp+tbC2vrG5pW/vNEUQcUwaOGABbztIEEZ90pBUMtIOOUGew0jLGV2nfuuecEED/06OQ2J7aOBTl2IkldTT961S/aFWhlew63KEY6tUO6qXk7SXk55eNCrGBHCemBkpggxWT//q9gMcecSXmCEhOqYRSjtGXFLMSFLoRoKECI/QgHQU9ZFHhB1PrkjgoVL60A24Kl/Cifp7I0aeEGPPUZMekkMx66Xif14nku6FHVM/jCTx8fQhN2JQBjCNBPYpJ1iysSIIc6r+CvEQqTSkCq6gQjBnT54nzeOKeVY5vT0pVi+zOPJgDxyAEjDBOaiCG2CBBsDgETyDV/CmPWkv2rv2MR3NadnOLvgD7fMHchaV/g==</latexit>

P (B|A) =
P (A,B)

P (A)



Co-occurrences at the Character Level

Given  characters, what is the distribution of the character that is next?
<latexit sha1_base64="OjVgeDcpRbYMK4kM2DHUn3GsejU=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe7Er8IiYGNhkYD5gOQIe5tJsmZv79jdE8KRX2BjoYitP8nOf+MmuUITHww83pthZl4QC66N6347uZXVtfWN/GZha3tnd6+4f9DQUaIY1lkkItUKqEbBJdYNNwJbsUIaBgKbweh26jefUGkeyQczjtEP6UDyPmfUWKl23y2W3LI7A1kmXkZKkKHaLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP50dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/7KZdxYlCy+aJ+IoiJyPRr0uMKmRFjSyhT3N5K2JAqyozNpmBD8BZfXiaNs7J3Wb6onZcqN1kceTiCYzgFD66gAndQhTowQHiGV3hzHp0X5935mLfmnGzmEP7A+fwBpPuM1A==</latexit>

L

# seq. of           consecutive characters equal to  followed by 
<latexit sha1_base64="jduLY7mdGq2/sRfT2oR9LL9YFnw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHiBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGUT4zJ</latexit>

A
<latexit sha1_base64="xsQMPDCWSQlbKX++h9lTvAdhRa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHoBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGV04zK</latexit>

B

# seq. of           consecutive characters starting with  
<latexit sha1_base64="jduLY7mdGq2/sRfT2oR9LL9YFnw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHiBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGUT4zJ</latexit>

A

<latexit sha1_base64="gnd4MN762S+Cnn/gH8VzdZWml6w=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4NCwIvHBMwDkiXMTjrJmNnZZWZWCEu+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDf1m0+oNI/kgxnH6Id0IHmfM2qsVLvtFktu2Z2BLBMvIyXIUO0Wvzq9iCUhSsME1brtubHxU6oMZwInhU6iMaZsRAfYtlTSELWfzg6dkBOr9Eg/UrakITP190RKQ63HYWA7Q2qGetGbiv957cT0r/2UyzgxKNl8UT8RxERk+jXpcYXMiLEllClubyVsSBVlxmZTsCF4iy8vk8ZZ2bssX9TOS5WbLI48HMExnIIHV1CBe6hCHRggPMMrvDmPzovz7nzMW3NONnMIf+B8/gCOP4zF</latexit>=

( randomly chosen sequence of 
     consecutive characters is  followed by  )

<latexit sha1_base64="PscFVvCcYfquLCytWTqq7r8i/tM=">AAAB6HicbVC7SgNBFL0bXzG+opY2g0GwCrviq7AI2FgmYB6QLDI7uZuMmZ1dZmaFsOQLbCwUsfWT7PwbJ8kWmnhg4HDOucy9J0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gdDv120+oNI/lvRkn6Ed0IHnIGTVWatQfyhW36s5AlomXkwrksPmvXj9maYTSMEG17npuYvyMKsOZwEmpl2pMKBvRAXYtlTRC7WezRSfkxCp9EsbKPmnITP09kdFI63EU2GREzVAvelPxP6+bmvDaz7hMUoOSzT8KU0FMTKZXkz5XyIwYW0KZ4nZXwoZUUWZsNyVbgrd48jJpnVW9y+pF47xSu8nrKMIRHMMpeHAFNbiDOjSBAcIzvMKb8+i8OO/OxzxacPKZQ/gD5/MHqwuM2A==</latexit>

P
<latexit sha1_base64="jduLY7mdGq2/sRfT2oR9LL9YFnw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHiBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGUT4zJ</latexit>

A
<latexit sha1_base64="xsQMPDCWSQlbKX++h9lTvAdhRa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHoBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGV04zK</latexit>

B

( randomly chosen sequence of 
     consecutive characters starts with  )

<latexit sha1_base64="PscFVvCcYfquLCytWTqq7r8i/tM=">AAAB6HicbVC7SgNBFL0bXzG+opY2g0GwCrviq7AI2FgmYB6QLDI7uZuMmZ1dZmaFsOQLbCwUsfWT7PwbJ8kWmnhg4HDOucy9J0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gdDv120+oNI/lvRkn6Ed0IHnIGTVWatQfyhW36s5AlomXkwrksPmvXj9maYTSMEG17npuYvyMKsOZwEmpl2pMKBvRAXYtlTRC7WezRSfkxCp9EsbKPmnITP09kdFI63EU2GREzVAvelPxP6+bmvDaz7hMUoOSzT8KU0FMTKZXkz5XyIwYW0KZ4nZXwoZUUWZsNyVbgrd48jJpnVW9y+pF47xSu8nrKMIRHMMpeHAFNbiDOjSBAcIzvMKb8+i8OO/OxzxacPKZQ/gD5/MHqwuM2A==</latexit>

P
<latexit sha1_base64="jduLY7mdGq2/sRfT2oR9LL9YFnw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHiBePCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6G7qN59QaR7JBzOO0Q/pQPI+Z9RYqXbbLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqAC91CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGUT4zJ</latexit>

A

<latexit sha1_base64="rFjXeTd7HKlxdfnJpVuHd9/fIK8=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiSNgVXweFqBePEcwDkiXMTmaTITOzy8ysEJZ8hBcPinj1e7z5N06SPWhiQUNR1U13VxBzpo3rfjsLi0vLK6u5tfz6xubWdmFnt66jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLgb+40nqjSL5KMZxtQXuCdZyAg2VmpUSzfHt0fXnULRLbsToHniZaQIGaqdwle7G5FEUGkIx1q3PDc2foqVYYTTUb6daBpjMsA92rJUYkG1n07OHaFDq3RRGClb0qCJ+nsixULroQhsp8Cmr2e9sfif10pMeOmnTMaJoZJMF4UJRyZC499RlylKDB9agoli9lZE+lhhYmxCeRuCN/vyPKmflL3z8tnDabFylcWRg304gBJ4cAEVuIcq1IDAAJ7hFd6c2Hlx3p2PaeuCk83swR84nz9t/45R</latexit>

P (A,B) =

<latexit sha1_base64="NcI+vKefn2bpr+6wuLyH7AXA0Xw=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBHqpeyKXweFihePFdy20C4lm2bb0Gx2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvCARXBvH+UZLyyura+uFjeLm1vbObmlvv6HjVFHm0VjEqhUQzQSXzDPcCNZKFCNRIFgzGN5N/OYTU5rH8tGMEuZHpC95yCkxVvLqlduTm26p7FSdKfAicXNShhz1bumr04tpGjFpqCBat10nMX5GlOFUsHGxk2qWEDokfda2VJKIaT+bHjvGx1bp4TBWtqTBU/X3REYirUdRYDsjYgZ63puI/3nt1IRXfsZlkhom6WxRmApsYjz5HPe4YtSIkSWEKm5vxXRAFKHG5lO0IbjzLy+SxmnVvaieP5yVa9d5HAU4hCOogAuXUIN7qIMHFDg8wyu8IYle0Dv6mLUuoXzmAP4Aff4AeuSNzw==</latexit>

P (A) =

<latexit sha1_base64="SYK8zVLTm5yJNawZjEwO8/WCYs0=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahBSmJ+FootHXjMoJ9QBvKZDpph04ezEyEErNx46+4caGIW//BnX/jpM1CWw9c7uGce5m5xwkZFdIwvrXcwuLS8kp+tbC2vrG5pW/vNEUQcUwaOGABbztIEEZ90pBUMtIOOUGew0jLGV2nfuuecEED/06OQ2J7aOBTl2IkldTT961S/aFWhlew63KEY6tUO6qXk7SXk55eNCrGBHCemBkpggxWT//q9gMcecSXmCEhOqYRSjtGXFLMSFLoRoKECI/QgHQU9ZFHhB1PrkjgoVL60A24Kl/Cifp7I0aeEGPPUZMekkMx66Xif14nku6FHVM/jCTx8fQhN2JQBjCNBPYpJ1iysSIIc6r+CvEQqTSkCq6gQjBnT54nzeOKeVY5vT0pVi+zOPJgDxyAEjDBOaiCG2CBBsDgETyDV/CmPWkv2rv2MR3NadnOLvgD7fMHchaV/g==</latexit>

P (B|A) =
P (A,B)

P (A)

<latexit sha1_base64="BXfA6fRZmXU6f+qt070BNxTd+n8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB08BLx48BDRPCBZwuxkkgyZnV1meoWw5BO8eFDEq1/kzb9xkuxBEwsaiqpuuruCWAqDrvvt5JaWV1bX8uuFjc2t7Z3i7l7dRIlmvMYiGelmQA2XQvEaCpS8GWtOw0DyRjC8mfiNJ66NiNQjjmLuh7SvRE8wilZ6uDvxOsWSW3anIIvEy0gJMlQ7xa92N2JJyBUySY1peW6Mfko1Cib5uNBODI8pG9I+b1mqaMiNn05PHZMjq3RJL9K2FJKp+nsipaExozCwnSHFgZn3JuJ/XivB3pWfChUnyBWbLeolkmBEJn+TrtCcoRxZQpkW9lbCBlRThjadgg3Bm395kdRPy95F+fz+rFS5zuLIwwEcwjF4cAkVuIUq1IBBH57hFd4c6bw4787HrDXnZDP78AfO5w97B41E</latexit>

L+ 1

<latexit sha1_base64="BXfA6fRZmXU6f+qt070BNxTd+n8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB08BLx48BDRPCBZwuxkkgyZnV1meoWw5BO8eFDEq1/kzb9xkuxBEwsaiqpuuruCWAqDrvvt5JaWV1bX8uuFjc2t7Z3i7l7dRIlmvMYiGelmQA2XQvEaCpS8GWtOw0DyRjC8mfiNJ66NiNQjjmLuh7SvRE8wilZ6uDvxOsWSW3anIIvEy0gJMlQ7xa92N2JJyBUySY1peW6Mfko1Cib5uNBODI8pG9I+b1mqaMiNn05PHZMjq3RJL9K2FJKp+nsipaExozCwnSHFgZn3JuJ/XivB3pWfChUnyBWbLeolkmBEJn+TrtCcoRxZQpkW9lbCBlRThjadgg3Bm395kdRPy95F+fz+rFS5zuLIwwEcwjF4cAkVuIUq1IBBH57hFd4c6bw4787HrDXnZDP78AfO5w97B41E</latexit>

L+ 1

 is now a sequence of  characters
<latexit sha1_base64="1Jc/YJAiPnBgVQ/uQhWQ4s5JG2I=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJVO3CRcWNyxbsBdpQJtNJO3YyCTMToYQ+gRsXirj1kdz5Nk7aCFr9YeDjP+cw5/x+zJnSjvNpFVZW19Y3ipulre2d3b3y/kFbRYkktEUiHsmujxXlTNCWZprTbiwpDn1OO/7kJqt3HqhULBJ3ehpTL8QjwQJGsDZW83pQrjh2zcmEHLv6Dc4C3BwqkKsxKH/0hxFJQio04Vipnu vE2kux1IxwOiv1E0VjTCZ4RHsGBQ6p8tL5ojN0YpwhCiJpntBo7v6cSHGo1DT0TWeI9Vgt1zLzv1ov0UHNS5mIE00FWXwUJBzpCGVXoyGTlGg+NYCJZGZXRMZYYqJNNiUTgrt88l9on9nuhX3erFbqV3kcRTiCYzgFFy6hDrfQgBYQoPAIz/Bi3VtP1qv1tmgtWPnMIfyS9f4FphOM1Q==</latexit>

A
<latexit sha1_base64="0XJguDuUOo5xbVR50raT9fBq91g=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJVO3CRcGNCxct2Au0oUymk3bsZBJmJkIJfQI3LhRx6yO5822ctBG0+sPAx3/OYc75/ZgzpR3n0yqsrK6tbxQ3S1vbO7t75f2DtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yXVW7zxQqVgk7vQ0pl6IR4IFjGBtrObtoFxx7JqTCTl29RucBbg5VCBXY1D+6A8jkoRUaMKxUj3XibWXYqkZ4XRW6ieKxphM8Ij2DAocUuWl80Vn6MQ4QxRE0jyh0dz9OZHiUKlp6JvOEOuxWq5l5n+1XqKDmpcyESeaCrL4KEg40hHKrkZDJinRfGoAE8nMroiMscREm2xKJgR3+eS/0D6z3Qv7vFmt1K/yOIpwBMdwCi5cQh1uoAEtIEDhEZ7hxbq3nqxX623RWrDymUP4Jev9C7a/jOA=</latexit>

L

Sampling from this distribution to generate text was already suggested by 
Claude Shannon in 1948 and is an extremely basic pre-cursor to GPT

<latexit sha1_base64="BXfA6fRZmXU6f+qt070BNxTd+n8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB08BLx48BDRPCBZwuxkkgyZnV1meoWw5BO8eFDEq1/kzb9xkuxBEwsaiqpuuruCWAqDrvvt5JaWV1bX8uuFjc2t7Z3i7l7dRIlmvMYiGelmQA2XQvEaCpS8GWtOw0DyRjC8mfiNJ66NiNQjjmLuh7SvRE8wilZ6uDvxOsWSW3anIIvEy0gJMlQ7xa92N2JJyBUySY1peW6Mfko1Cib5uNBODI8pG9I+b1mqaMiNn05PHZMjq3RJL9K2FJKp+nsipaExozCwnSHFgZn3JuJ/XivB3pWfChUnyBWbLeolkmBEJn+TrtCcoRxZQpkW9lbCBlRThjadgg3Bm395kdRPy95F+fz+rFS5zuLIwwEcwjF4cAkVuIUq1IBBH57hFd4c6bw4787HrDXnZDP78AfO5w97B41E</latexit>

L+ 1

<latexit sha1_base64="BXfA6fRZmXU6f+qt070BNxTd+n8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB08BLx48BDRPCBZwuxkkgyZnV1meoWw5BO8eFDEq1/kzb9xkuxBEwsaiqpuuruCWAqDrvvt5JaWV1bX8uuFjc2t7Z3i7l7dRIlmvMYiGelmQA2XQvEaCpS8GWtOw0DyRjC8mfiNJ66NiNQjjmLuh7SvRE8wilZ6uDvxOsWSW3anIIvEy0gJMlQ7xa92N2JJyBUySY1peW6Mfko1Cib5uNBODI8pG9I+b1mqaMiNn05PHZMjq3RJL9K2FJKp+nsipaExozCwnSHFgZn3JuJ/XivB3pWfChUnyBWbLeolkmBEJn+TrtCcoRxZQpkW9lbCBlRThjadgg3Bm395kdRPy95F+fz+rFS5zuLIwwEcwjF4cAkVuIUq1IBBH57hFd4c6bw4787HrDXnZDP78AfO5w97B41E</latexit>

L+ 1



“A Mathematical Theory of Communication” 
(Shannon, 1948)



Co-occurrences at the Character Level

Demo



Course Outline
Part I: Exploratory data analysis

Part II: Predictive data analysis

• Frequency and co-occurrence analysis

• Visualizing high-dimensional data/dimensionality reduction

• Clustering

• Basic concepts and how to assess quality of prediction models

• Neural nets and deep learning for analyzing images and text

Identify structure present in “unstructured” data

Make predictions using known structure in data

• Topic modeling

Basic probability & statistics



Visualizing High-Dimensional Data



(Flashback) Multiple Documents

Text doc #1

Text doc #2

Text doc #n

<latexit sha1_base64="B1pwU2JRVAB4dpn6t+NGyIzL2QQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6p6D5eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AMzBj0Y=</latexit>XXX

☀︎ ☁︎ ☂ ☃
Feature vector #1

Feature vector #2

Choose a common vocabulary to 
use across all documents

This idea of representing data as feature 
vectors is very general — not just for text!

Feature vector #n
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visualize all n 

text docs at once 
if n is large?



Here’s another concrete example

This is a structured dataset but it’ll be 
helpful in understanding concepts
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WalesEngland

Source: http://setosa.io/ev/principal-component-analysis/

Imagine we 
had hundreds 

of these

Impractical: 
manually 
examine 

hundreds of 
histograms

How do we 
make a 

visualization 
that quickly 
tells us how 
these differ?



The issue is that as humans 
we can only really visualize up 

to 3 dimensions easily
Goal: Somehow reduce data dimensionality to 1, 2, or 3

We will begin with the most famous dimensionality reduction method: 
principal component analysis (PCA)



Principal Component Analysis (PCA)
How to project 2D data down to 1D?

Hervé Abdi and Lynne J. Williams. Principal component analysis. Wiley Interdisciplinary 
Reviews: Computational Statistics. 2010.

Note: axes are centered at the center of mass of the points and not at (0, 0)



Principal Component Analysis (PCA)
How to project 2D data down to 1D?

Simplest thing to try: flatten to one of the red axes



Principal Component Analysis (PCA)
How to project 2D data down to 1D?

Simplest thing to try: flatten to one of the red axes

(We could of course flatten to the other red axis)
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Principal Component Analysis (PCA)
How to project 2D data down to 1D?

But notice that most of the variability in the data is not aligned with the 
red axes!

Most variability is along this 
green direction

Rotate!



Principal Component Analysis (PCA)
How to project 2D data down to 1D?

Most 
varia

bilit
y is

 along th
is 

green dire
cti

on



Principal Component Analysis (PCA)
How to project 2D data down to 1D?

Most 
varia

bilit
y is

 along th
is 

green dire
cti

on

The idea of PCA actually works for 2D ➔ 2D as well 
(and just involves rotating, and not “flattening” the data)



Principal Component Analysis (PCA)
How to project 2D data down to 1D?

The idea of PCA actually works for 2D ➔ 2D as well 
(and just involves rotating, and not “flattening” the data)

Most 
varia

bilit
y is

 along th
is 

green dire
cti

on
before 

“flattening”

2nd green axis chosen to be 90° (“orthogonal”) from first green axis

How to rotate 2D data so 1st axis has most variance


